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Abstract. This article introduces two new matrixz operators inspired by the defi-
nition of vecd operators, and we call these the vecd*. This operator related to vech™*
operators. This operator is constructed the same way as the vec operator, i.e. a matriz
of size m Xn becomes a column vector, size mn x 1. The difference is in the arrangement
of entries, which become column vectors. In the vec operator, all entries in the matriz
m X n will become entries in the column vector, but the vech and vecd only make some
of the entries in the matriz m X n into column vectors with specific rules. We try to
define the column vector Also we use the vech™ operator with a different construct from
vecd*. We explicitly construct a matriz that transforms vech*(A) to vecd*(A), where
A is an n X n matriz for n € N. We also derive some properties from this transform
matriz.

Kata Kunci: vec, vecd™, vech*

1. Introduction

The vec operator or the vec matrix (mn x 1) is a column matrix obtained from a
matrix, m X n, i.e., change the matrix into a vector by stacking the column vertically
[6]. This definition of the vec operator inspired several operators, such as vech, vecd,
and vecp (see [7], [12], [13]). Based on these operator definitions, a transformation
matrix connects operators with the original matrix and operators with operators.
For the vec operator and transpose vec operator, there is a transformation matrix,
known as the commutation matrix [3], and the duplicate matrix that transforms
vec operator to vech operators [15].

For the square matrix, [7] defines vech operator in the same way that vec is de-
fined, except that for each column of the square matrix only that part of which is on
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or below the diagonal of the square matrix is put into vech operator (vech =vector-
half). For the square matrix, [12] defines the vecd operator, i.e., by stacking the en-
tries diagonally and eliminating supra-diagonal entries of the square matrix. Here, d
represents the diagonal. This article presents the new operators, based on definition
vecd and it is called by vecd*. Furthermore, it presents the matrix that transforms
vech* to vecd* operators for the arbitrary matrix n x n.

The method in this study is a literature study. The first step of this research is
to define the vecd* operator for arbitrary n x n matrix (see Section 3). Next, define
the unique matrix associated with vech* and vecd*, and find its properties.

2. Basic Theory

Definition 2.1. [10] Let A = [a;;] be an m X n matriz, and A; is the j-th coloumn
of A. The vec(A) is the mn x 1 vector given by

A
vec(A) = . (2.1)

Definition 2.2. [1] [6] Let A = [a;;] be an n x n matriz. The vech(A) is the

1
M x 1 column vector that is obtained from vec(A) by eliminating all supra-

diagonal elements of A.
T
vech(A) = [ a11 @21 ... Upl G22 -+ Gp2 - G(n—1)(n—1) Gn(n—1) am] (2.2)

Definition 2.3. (8] Let A = [a;;] be an n x n matriz. The vech*(A) is the

1
M X 1 column vector that is obtained from vec(A) by eliminating all below

main diagonal elements of A.
T
vech*(A) = [ i1 A12 22 A13 A23 A33 ... A1y A2y - - . a(n,l)n ann] . (23)

Definition 2.4. [12] Let A = [a;;] be an n x n matriz. The vecd(A) is the

1
M X 1 column vector that is obtained by stacking main diagonal entry, then

diagonal entry below the main diagonal up to entry an;.
T
vecd(A) = [ a1 A2 ... Qpp A21 A32 ... an(n_l) e a(n_l)l Ap2 anl} . (24)
Example 2.5. Suppose
ail a1z a3
A= | ag az a3
asz1 a2 ass
Then,
T
- vec(A) = [ a11 az1 as1 arz asz asz ais ags ass|

T
- vech(A) = [ ajl @21 31 G22 432 a33] )
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T
- vech*(A) = | a1 a12 ase a13 ass ass|
T
- vecd(A) = [ a1l Ggz G33 A21 A32 a31]
Let S, denote the set of all permutations of the n element set [n] = {1,2,...,n}.

A permutation is a one-to-one function from [n] onto [n]. If ¢ is a permutation, we
have the identity matrix as follows:

Definition 2.6. [13] Let o be a permutation in S,. Define the permutation matrix
P(0) = [05,0()]; 0i,0(j) = entij(P(0)) where

L =)
Yot = {0, if i # 0(j). (@5)

We present definitions of inversion on permutation and elementary product.

Definition 2.7. [2] Inversion is the occurrence of a larger integer preceding a
smaller integer. In comparison, the number of inversions is the total number of
integers preceded by a smaller integer in each inversion according to the permuta-
tions.

Definition 2.8. [2] If the number of inversions of a permutation is an even number,
then it is said to be an even permutation, and if it is an odd number, then it is said
to be an odd permutation.

Definition 2.9. [2] Let A be an n x n matriz. The elementary product of A is the
product of n elements from A without taking elements from the same row or column.
In contrast, the signed elementary product of A is the elementary product which is
marked (+1) if the permutation is even and (—1) if the permutation is odd.

Definition 2.10. [2] An m x m matriz P whose columns form an orthonormal
set of vectors is called an orthogonal matriz. It immediately follows that PTP =
PPT =1,,.

Theorem 2.11. [2] Let P be m x m orthogonal matriz. Then |P| = £1, so that P
is nonsingular. Consequently, P~! = PT.

Theorem 2.12. [1] [6] Every permutation matriz is an orthogonal matriz.

Definition 2.13. [1] [15] The Moore-Penrose inverse of the m x n matriz A is the
n X m matriz, denoted by AT which satisfies the conditions

AATA = A,
A+ AAT = AT,
(AAT)T = AA+,
(ATA)T = A+ A.

Theorem 2.14. [15] Let A be an m x n matriz. Then

At = (ATA)~TAT dan AT A = 1,, jika rank(A) = n.
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Definition 2.15. [15] Let A be an n X n symmetric matriz. The matriz that trans-
forms vech(A) into vec(A) is called the duplication matri.

Definition 2.16. [1][6] Let an m x n matriz A = [a;;] and a p x ¢ matriz B = [b;;],
is denoted by the symbol A ® B and is defined to be the mp X ng matriz

anB algB alnB

a21B (IQQB agnB
A®B = . .

am1B @B ... amnB

obtained by replacing each element a;; of A with the p x ¢ matriz a;; B.

3. Results and Discussion

This paper aims to introduce a new operator like vech and vecd, and we call the
operator with vecd*, and then to present the relationship between vech* and vecd*.
. . . n(n+1

Definition 3.1. Let A = [a;;] be an nxn matriz. The vecd*(A) is the nin+1) x 1

column vector that is obtained by stacking main diagonal entry, then diagonal entry
above the main diagonal up to entry aiy,.

* T
veed (A) = [ a11 22 ... Gpp @12 G23 . Q(p—1)p - -+ G1(n—1) Q2n aln] . (3.0)
Based on Example 2.5,
T
vecd*(A) = [ ail ag2 azsz a1z az3 als] .

Example 3.2. Suppose given a matrix A of size 4 as follows:

41 -23
A= —;—51 61—24
3 2 47
Then,
vech*(A)=[415-2-1632-47]"
and

veed*(A) = [ 45671 -1 -4-223]"

Let A be an n x n matrix. In [12], it is stated that there is an n x n matrix B}
that transforms vech(A) to vecd(A), i.e: Bivech(A) = vecd(A). This article will
construct a matrix similar to B}, symbolized by Bz(d), which transforms vech*(A)
to vecd*(A), where it explicitly assigns each vech*(A) entry exactly one to the
vecd* (A) entry, i.e.,

B Dyech*(A) = vecd*(A). (3.2)

Given BiY for n = 2,3,4,5.
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(10000000007
0010000000

[100000] 0000010000

100 001000 0000000001

5@ _ | go1| pr@ — | 000001} puay _ | 0100000000
2 010’ 3 010000 % 0000100000]"

000010 0000000010

| 000100 0001000000

[100000000000000]
001000000000000
000001000000000
000000000100000
000000000000001
010000000000000
000010000000000
000000001000000
000000000000010
000100000000000
000000010000000
000000000000100
000000100000000
000000000001000

1 000000000010000]
*(d)

0000000100
1 0000001000 ]

Next, the form of B,"/, n = 2,3,4,5 will be written in a formula. We need

several symbols, i.e.:

. . . /
- €m,n is an n x 1 unit vector for entry 1 in the m-row, and 0 s elsewhere,

- Omxn 18 a zero matrix consisting of m-row and n-column.

Thus form B,*L(d), n = 2,3,4,5 can be written as follows:

(a)

(b)

r T
€12 O1x1 *#(d)
*(d ’ E
Bz( )= Oix2 ef, E}K(d) ’
L 01><1 eig 2

= -

€13 Oix2 O1x1
T

O1x2 €15 Oixa

B;(d) _ | _O1x3 O1x2 el

T
O1x1 €1,3 O1x2
T
O1x2 O1x2 €19
T
O1x1 O1x2 €13 |

— E;‘(d)

Ei"(d)

)

E;(d)
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€1T74 O1x3 O1x2 O1x1
O1x2 6{3 O1x3 O1x2
O1x3 O1x2 6{2 O1x3
O1x4 O1x3 O1x2 6{1 Ef(d)
O1x1 ef4 Oixs O1x2 E;(d)
Oi1x2 O1x2 ef3 Oixs ;@
Oi1x3 O1x3 O1x2 ef, E;@

*(d
(c) By =

O1x1 O1x2 el Oixs
O1x2 O1x3 O1x2 €1T3
O1x1 O1x2 O1x3 ef, |
[ el Oixa O1x3 O1x2 O1x1]
O1x2 €], O1xs O1x3 O1x2
O1x3 O1x2 €l 3 O1xa O1xs
O1x4 O1x3 O1x2 6{2 O1x4
O1x5 O1x4 O1x3 O1x2 €1
O1x1 6{5 O1x4 O1x3 O1x2 Ef(d)
O1x2 O1x2 6{4 O1x4 O1x3 E*(d)
(d) B;(d) = | O1x3 O1x3 O1x2 6{3 Oixa | = Eg(d) ,
O1x4 O1x4 O1x3 O1x2 el E;‘(d)
O1x1 O1x2 €5 Oixa O1xs EX@
O1x2 O1x3 O1x2 €] 4 O1x4
O1x3 O1x4 O1x3 O1x2 €13
O1x1 O1x2 O1x3 6{5 O1x4
O1x2 O1x3 O1x4 O1x2 6{4
O1x1 O1x2 O1x3 O1x4 €] 5 |

From (a)-(d) it can be seen that the matrix Bi® ' =23,4,5 forms a
pattern for the matrix Bz(d). Thus, the general form of the B:(d) matrix is
obtained as follows:
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el Oixm-1) Oix(n-2) --- - O1x1 |
O1x2 e{,(n—l) le(nfl) O1x2
: O1x2 : ;
01><2
le(n—l) O1x2 6{2 le(n—l)
Oan le(n—l) 01><2 6,{71
O1x1 el Oixm-1) --- O1x2
O1x2 O1x2 elT)(n,l) Oi1x(n-1)  --- O1x3
: ; O1x2 . .
B _ : : ; O1x2 o Oixn-
le(n—l) le(n—l) O1x2 6{2
O1x1 O1x2 G{n le(n—l) O1x3
O1x3 O1x2 e{(n,l) ;
: : ; - Oix(n-1
O1x(n-2) O1x(n-1)  --- O1x2 els
O1x1 O1x2 .. Oixn-2) €1, Oixm-n
O1x2 O1x3 o Ok Oz e,
O1x1 O1x2 le(n—l) e;n i
Er(d)
E;‘(d)
= ) , Where E:L(d) is a partition matrix that assigns the diagonal
E;(d)

entries of A in vech*(A) to the same entry in vecd*(A).
Next, the properties associated with BZ(d) are as follows:

Theorem 3.3. The Bz(d) is a permutation matriz.
Proof. Based on Definitions 2.6, B;(d) is a permutation matrix. O
Corollary 3.4. The BZ(d) is an orthogonal matrix.

Proof. Based on Theorem 3.3, BZ(d) is a permutation matrix. Then, based on
Theorem 2.12, the BZ(d) is an orthogonal matrix. O

Theorem 3.5. Let Bi'™ be a matriz that transforms vech*(A) to vecd*(A). Then

det (B*(d)) I B 7 By is an odd permutation,
" 1, if BZ(d) is an even permutation.
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Proof. Based on Definition 3.3, the entry in a column or row of a permutation mat-
rix is 1, and the other entries are 0, and this matrix comes from an identity matrix
in which rows are swapped (an odd or even number). The number of inversions
is also related to the number of line swaps. So, the determinant for B:L(d) can be
determined by the number of inversions. By using row reduction, the determination
of the matrix B;,(d) can be seen using odd or even permutations. Based on Definitions
2.8 and 2.9, if Bz(d), the number of inversions is odd, then the permutation is odd,
so that |BZ(d)| = —1 if the number of inversions is even, so the permutation is even,
and then |Bz(d)\ = 1. The proof is complete. O

Let A be an n x n symmetric matrix. In [12], it is stated that there is an n x n
matrix D, that transforms vech(A) to vec(A), i.e: Dyvech(A) = vec(A). Then,
we will define a matrix that is analogous to the duplicate matrix which transforms
vecd*(A) to vec(A), symbolized by D™ where it explicitly assigns each vecd* (A)
entry exactly one to the vecd(A) entry, i.e.,

D Dyecd*(A) = vecd(A). (3.3)

Given D for n = 2,3, 4.

710000000007
0000100000
0000000100
0000000001

(1)88(1)88 0000100000
000001 0100000000

100 0000010000

e R i W
010 8888(1)(1) 0000010000
N

1001000 ]|

0000000001
0000000010
0000001000
L 0001000000

Form Dz(d), for n = 2, 3,4 can be written as follows:

2 1T
D@ _ [ ®el” ”[62®€1 ]}
() s (e[ dedT]]
[ e ®6?T] [6§®€iJ [d@el”]
* e; e
(b) D3(d) [ e ] |:e%1®e%1T:| [ OSXI] s
[e ®63T] [e%@e%T} [e?@e%T]




*(d
(c) D}'¥ =

[ el@el]

The Matriks Transforms the vech* to vecd* Operators

Erra

[es®et”]

[ei®ei™]]

[ .2 3T

[ededr]| 35 ar ||[dodT]] [ O]
T 32 el T & @ el

[ ed@edl] €§®6§T 101X21 [ Oax1]

L[ eci@ed]

[ es®es”]

[dodT]

[et®ei”]

Thus, we have a generally form of D;,

Based on Definition 2.13 and Theorem 2.14, the Moore-Penrose inverse of D,

(@),

fori:l:[e ®er G- 1)T}

for j =1": [ er ®e;LT]
—(j—-nT
for i < j where i =2,....,(n —1) J+1®e :
n><n (7—-1)
n—(G-1)T
e (j ®ez (G-1)
for i > j where j = 2,3, .. el ®e® e’ —U=Dp

O(n—iyxn—(j-1)
+(d)

is given as

Inspired by [12], we have the following relationships between D:(d) and Dy,
Theorem 3.6. Let A =

a)

b)
Proof.
a)

D% = (D@7 D)~ 0T (3.4

@+

[a;;] be an n x n symmetric matriz, then

D*(h) D*( ) *(d) and D:(d) — D:‘L(h)B:(d)

B*(d)D*(d)+ n(h)+ and B;‘;(d)TD;(h)JF — D:(d)Jr

Subtituting Equation 3.2 into 3.3, we have vec(A4) = DY B Dyech* (A).
Next, subtituting vec(4) = DZ(h)Uech*(A) into vec(4) = DD i@
vech*(A), we have Dz(h)vech*(A) = Dz(d)BZ(d)vech*(A). So, it is implied
that D*(h) Z(d)BZ(d) to the first result of part a). Since BZ(d) is a non-
singular matrix, then B*(d) has an inverse. The second result is obtained
by post-multiplying both sides of D™ = D@ B by i1,

Subtituting Dn(h) = Dz(d)BZ(d) into Equation 3.4, we have D*(h)+ =
B,*L(d)_l(DZ(d)TDZ(d))*l(BZ(d)T) 1BZ(d)TDZ(d)T. Since Bn( ) is an orthogo-
nal matrix, that is B:L(d)_l = B*(d)T by Equation 3.4, the first result is
obtained B*(d)D*(d)+ = D*(h)+ Next, substituting D, O Dy, (h)B (@)
into Equation 3.4, we have D, R+ = (Bz(d)T) (Dn(h)TD (h) ) lD*(h)T by
Theorem 2.14, we have Bn( )T Dn(h)+ = DZ(dH. O

4. Conclusions

This article provides new operator, i.e., vech® and vecd*. From these definitions, we

have transformation matrix, which transforms vech* to vecd* operator for arbitary
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matrix n X n where n € N. The transformed matrices B,*L(d) are permutation and
orthogonal matrix, and the matrix has determinant 1 or —1. Then, it provides
a marix analogous to the duplication matrix related to the vecd® and finds its
properties.
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